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Decision-tree control systems
A decision-tree control system (DTCS) is a triple (f, 7, 7) with
® f: continuous-time environment x = f(x, u) : R"*™ — R"
® T decision-tree policy 7 : R” — U where U C R™
e 7: control period 7 € R

clock | t = kT
t k
[ Environment x = f(x, u) x() x(k7) Decision-tree policy T]
T u = T(x(k7)) |
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Conclusion

Decision-tree control systems
A decision-tree control system (DTCS) is a triple (f, 7, 7) with
® f: continuous-time environment x = f(x, u) : R"*™ — R"
® T decision-tree policy 7 : R” — U where U C R™
e 7: control period 7 € R

clock | t = kT
t k
[ Environment x = f(x, u) x() x(k7) Decision-tree policy T]
T u = T(x(k7)) |

Example: Cart/pole system

pov oo SEO—cntoyy (000U
" 2/3+5/11cos(d)? T (w < —0.201)
=w 10u + 0.05w? sin(6) 7

omo v= RS W

1
v =1 — —¢cos(f

0
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Reachable states

Given a DTCS (f, T, 7) with axis-aligned decisions (“x < c¢"),
a set of initial states Xy C R", and an iteration bound kmax,
compute the set of reachable states

Example: po, vo, 0, wo € [—0.05,0.05] and kyax = 100
0.06

0.00

—0.06

Conclusion

e}
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Reach-avoid problem

® By computing the reachable states we can analyze
reach-avoid specifications: “avoid A and reach R at time t"

~AUST SAAR
¢ Undecidable for nonlinear environments f(x, u)
o If f(x,u) = u, we call f state independent

Theorem
The reach-avoid problem for state-independent DTCS is

1. undecidable for unbounded time
2. PSPACE-complete for bounded time
This even holds for A= () (i.e., the reachability problem)
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Algorithm sketch

Eleft
Cright
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Reachability algorithm for first time interval [0, 7]

1. Start from set of initial states X
2. For each control action u € U

2.1 Compute subset Ay’
2.2 Compute set of reachable states R{; , under f(x, u)
2.3 Compute set of final reachable states RY

3. Obtain set of reachable states Ry ) = U, R[“Oj]
4. Obtain set of final reachable states R, = J, !

® We use Taylor models to represent the sets R[o . and RY
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General reachability algorithm

1. Start from set of initial states X
2. For each control action u € U

2.1 Compute subset Ay’
2.2 Compute set of reachable states R{; , under f(x, u)
2.3 Compute set of final reachable states RY

3. Obtain set of reachable states Ry ) = U, Rio,71
4. Obtain set of final reachable states R, = (J, !

® We use Taylor models to represent the sets R[o . and RY

® We can repeat from R, for time interval [, 27], etc.
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General reachability algorithm

[y

. Start from set of initial states X
For each control action u € U

2.1 Compute subset Ay’
2.2 Compute set of reachable states R{; , under f(x, u)
2.3 Compute set of final reachable states RY

3. Obtain set of reachable states Ry ) = U, Rio,71
4. Obtain set of final reachable states R, = (J, !

N

® We use Taylor models to represent the sets R[o . and RY
® We can repeat from R, for time interval [, 27], etc.

® Unions of sets: generally must be treated individually
® Step 4 creates unions

Conclusion
[e]e]
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General reachability algorithm

[y

. Start from set of initial states X
For each control action u € U

2.1 Compute subset Ay’
2.2 Compute set of reachable states R{; , under f(x, u)
2.3 Compute set of final reachable states RY

3. Obtain set of reachable states Ry ) = U, Rio,71
4. Obtain set of final reachable states R, = (J, !

N

® We use Taylor models to represent the sets R[o . and RY
® We can repeat from R, for time interval [, 27], etc.

® Unions of sets: generally must be treated individually

® Step 4 creates unions
® Step 2.1 also creates unions

Conclusion
[e]e]
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Example for union creation when selecting subsets X’
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Comparison to generic algorithm

DTCS is a special case of a hybrid automaton

Generic reachability algorithm failed in all case studies

Our algorithm exploits problem structure in several ways

Periodic controller ~~ only check conditions occasionally

T partitions a set X in a hierarchical way

® Each predicate either splits X in two or keeps it intact
® |f intact ~» no need to explore complement branch

Often reach leaves with same action ~» no precision loss

Axis-aligned predicates ~~ cheap interval abstractions
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Dealing with set splits

® Only set 77, after control period is relevant

4l
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Dealing with set splits

® Bottom set covered by green sets v
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Dealing with set splits

® Split case - let's zoom in

4 L
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Dealing with set splits
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o Complexity of set representation grows
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Dealing with set splits
o Complexity of set representation grows

® |nterval approximations to tame complexity
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Stabilization policy of a pole on a cart
f=w
w
w=¢
S ISP
V= - b cos(0)
6= 9.8sin(0) — cos(0)y
"~ 2/3+5/11cos(6)?
B 10u + 0.050.12 S|n(9) -0.03 0.0{:9 0.03 0.06

1.1
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Acrobot policy swinging up to goal height

Yt 02

br =
@ b =1

di=h+h+mi?+
0
ma(I? + Ic3 4 211 Ica cos(62))
dr = m2(IC% + hlco COS(02)) + b

0, =

[ goal
Xo

=715 -5.0 -2.5 0.0 25
th

¢2 = malcag cos (91 + 62 — %)

1 = —m2l1IC2é§ sin(62) — 2moly lc2626; sin(62) + (m1lcy + mah)g cos (91 — g) + o

—1
. d?
Y = <u + 2¢1 — m2/1/C29% sin(02) — ¢2> (mzlcg + b — —2>
di dy 12/17
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Car policy reaching the top of a mountain

N\ / 0.0 |

=05

Vb1 = Vi + (u — 1)F — cos(3x4)g

Xk+1 = Xk + Vk41 -0 |

60
time

Discrete-time setting
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Quadrotor policy following reference trajectory to goal

T: 177 nodes
U] =8
Py

px = Vx

by = vy

pz = vz

vx = gtan(6)

i = —gtan(¢)

V,=a—g

0.0

-0.6

~ ~
~ ~
~
~
1
|
J
s
Ve
7
-
Xo
[Igoal
Pid —reference
N7 — boundary
rd
0.0 0.2 04 0.6 0.8 1.0 1.2
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Size of policies and verification times

System Policy T Verification
#nodes depth #actions time
Cart/pole 5 2 2 15 sec
Acrobot 2 101 sec
3 2 113 sec
Mountain/car 9 3 3 7 sec
Quadrotor 177 10 8 84 sec
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Conclusion

Parametric reachability algorithm with sufficient conditions
for soundness and relative completeness

Instantiated algorithm based on Taylor models and
axis-aligned decisions (“x < ¢"), exploiting problem structure

Undecidable (unbounded time) resp.
PSPACE-complete (bounded time)

and experimental evaluation

Orthogonal to neural-network control systems
® Finitely many control actions, but discontinuous

Future work:

® Constrained polynomial zonotopes
® [earning safe decision-tree policies

17/17
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