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Linear hybrid automaton (LHA) model

LHA sample

7

ẋ = 1
<latexit sha1_base64="2heH0DGcFKTa3drpuuAzJH5d6yk="></latexit>

ẋ = 0
<latexit sha1_base64="kqOh26zFX7tQimrcfV+8/cMfL/M="></latexit>

ẋ = �1
<latexit sha1_base64="nO5O/XUrFVBE4hGXf+dWnTLdxaU="></latexit>

x 2 [0, 3]
<latexit sha1_base64="PaUxtHluCfWkCWMXlnjVKOBWrog="></latexit>

x 2 [0, 3]
<latexit sha1_base64="PaUxtHluCfWkCWMXlnjVKOBWrog="></latexit>

x 2 [0, 3]
<latexit sha1_base64="PaUxtHluCfWkCWMXlnjVKOBWrog="></latexit>

x 2 [2, 3]
<latexit sha1_base64="MUILeizuIiMmkWEnrVKF/Ek1Y6Q="></latexit>

x 2 [2, 3]
<latexit sha1_base64="MUILeizuIiMmkWEnrVKF/Ek1Y6Q="></latexit>

x 2 [0, 1]
<latexit sha1_base64="VBXlItw9DY6aApiX4PfUMOQFpIg="></latexit>

q1
<latexit sha1_base64="oZLXBwzvg+2+nYlfHea85mN+R0Q="></latexit>

q2
<latexit sha1_base64="Jie7i5zOOiIDak5k/HLBJJGv01E="></latexit>

q3
<latexit sha1_base64="d+Cc0o7GxmTG42B9WBWMiHg74rw="></latexit>

Execution

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

σ

0

3
2
1

x
<latexit sha1_base64="zvUvg10s0lCYEuAsBzzdFL8uykM="></latexit>

✤ We consider non deterministic linear hybrid automata 

✤ The LHA features piecewise-linear executions

• Nondeterministic mode changes

• Restriction in this work: continuous executions

4 / 16

Executions



Introduction Preliminaries Synthesis Evaluation Summary

Linear hybrid automaton (LHA) model

LHA sample

7
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σ’

• Nondeterministic mode changes

• Restriction in this work: continuous executions
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Piecewise-linear (PWL) function
Time series over-approximation

10

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

f

✤ Douglas-Peucker line simplification algorithm

✤ Linear regression

✤ Hakimi-Schmeichel algorithm

5 / 16
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Piecewise-linear (PWL) function

Piecewise-linear function

8

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

f

p1 p2

p3
p4

T0

Definition. f : [0,T] ⟶ ℝn is an m-piecewise-linear (m-PWL) function if

✤ f ≡ p1, p2,…, pm sequence of m affine pieces of the form pi(t) = ait + bi, 
where:

✤ ai is the slope(pi) and b is the initial value
✤ f (t) = pi(t) for t ∈ dom(pi)
✤ f is continuous

pieces(f) = p1, p2, p3, p4

t1
<latexit sha1_base64="GxjxRikNIa2JsINec1M+hN0DBJ4="></latexit>

t2
<latexit sha1_base64="PJTHrHd1kN7LPhfOmG5kUw5TYdg="></latexit>

t3
<latexit sha1_base64="5DX9wgxpiSe6sGTg3212Yt1HE6w="></latexit>

switching times

switching points

x0 = x2 = x3
<latexit sha1_base64="oPFNecPjkw+tL55zpXmJjq71uvE="></latexit>

x1
<latexit sha1_base64="pvH+j7as4kxCixWNJq1ZvyIb0Wk="></latexit>

x4
<latexit sha1_base64="iLH71VpVOC7TsfLApbZ5hlhYaek="></latexit>

5 / 16
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Related work

• SARX models (discrete time, deterministic switching) and
PWARX models (SARX with state-space partition) can be
synthesized algebraically1; some adaptive algorithms exist2,3

• Existing approaches for hybrid automata are not adaptive and
come with limitations (e.g., periodic4, acyclic5, stateless6,
deterministic7)

1S. Paoletti et al. Eur. J. Control (2007).
2A. Skeppstedt et al. Int. J. Control (1992).
3Y. Hashambhoy and R. Vidal. CDC. 2005.
4R. Grosu et al. HSCC. 2007.
5O. Niggemann et al. AAAI. 2012.
6D. L. Ly and H. Lipson. JMLR (2012).
7I. Lamrani et al. ICPS. 2018.

6 / 16
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Synthesis problem

Synthesis problem

13

Given a finite set of PWL functions F and a value ε ∈ ℝ≥0, 
construct an LHA H that ε-captures every function f ∈ F.

ε is a trade-off between the size and the precision of the model.

Definition. Given a PWL function f and a value ε ∈ ℝ≥0, we say that an 
LHA H ε-captures f if there exists an execution σ in H with d(f, σ) ≤ ε.

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

ε

σ
f

T0

d(f, σ) = maxt ∈ [0,T] ∥f (t) - σ(t) ∥

ε-capturing
An LHA H ε-captures a PWL functions f if there exists an
execution σ with d(f , σ) ≤ ε

Synthesis problem
Given a finite set of PWL functions F and ε ∈ R≥0, construct an
LHA H that ε-captures all f ∈ F

8 / 16
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Synchronous switching
• Execution σ must switch synchronously with PWL function f

Synchronous specification

16

✤ H ε-captures every function f in F

✤ H switches synchronously with the functions in F

Specification

t0
<latexit sha1_base64="HvBgoARryf4p+rKC6Yr2ilpmw3U="></latexit>

t1
<latexit sha1_base64="GxjxRikNIa2JsINec1M+hN0DBJ4="></latexit>

t2
<latexit sha1_base64="PJTHrHd1kN7LPhfOmG5kUw5TYdg="></latexit>

t3
<latexit sha1_base64="5DX9wgxpiSe6sGTg3212Yt1HE6w="></latexit>

t4
<latexit sha1_base64="swEX21aW+UD/XXZauAed5k6UJNc="></latexit>

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

ε
fX0

<latexit sha1_base64="G8Q4YBsrsEaXvjYPaL8D+1Tvnjk="></latexit>

X1
<latexit sha1_base64="HQBwGpk5ETlV292tWPgYBMCl94M="></latexit>

X2
<latexit sha1_base64="ogd5o7IeYfCjt3sLKKXWAJ5ZriE="></latexit>

X3
<latexit sha1_base64="IrDRa+MGsK5+tcpUN2Dst8rhs4A="></latexit>

X4
<latexit sha1_base64="a2xwQVzqVPr2RAH6gZWj9afKahc="></latexit>

• Reduction to satisfiability of linear-arithmetic formula
• Parametric in number of modes (i.e., can be minimized)
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Asynchronous switching
• Execution σ must switch in intervals close to PWL function f

Asynchronous specification

23

✤ H ε-captures every function f in F

✤ H switches in the time interval determined by the previous and 
posterior time instants in the functions f in F
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• Counterexample-guided, based on membership test
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<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

ε
fX0

<latexit sha1_base64="G8Q4YBsrsEaXvjYPaL8D+1Tvnjk="></latexit>

X1
<latexit sha1_base64="HQBwGpk5ETlV292tWPgYBMCl94M="></latexit>

X2
<latexit sha1_base64="ogd5o7IeYfCjt3sLKKXWAJ5ZriE="></latexit>

X3
<latexit sha1_base64="IrDRa+MGsK5+tcpUN2Dst8rhs4A="></latexit>

X4
<latexit sha1_base64="a2xwQVzqVPr2RAH6gZWj9afKahc="></latexit>

• Counterexample-guided, based on membership test
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Asynchronous switching
• Execution σ must switch in intervals close to PWL function f

Asynchronous specification

25

✤ H ε-captures every function f in F

✤ H switches in the time interval determined by the previous and 
posterior time instants in the functions f in F

Specification

t0
<latexit sha1_base64="HvBgoARryf4p+rKC6Yr2ilpmw3U="></latexit>

t1
<latexit sha1_base64="GxjxRikNIa2JsINec1M+hN0DBJ4="></latexit>

t2
<latexit sha1_base64="PJTHrHd1kN7LPhfOmG5kUw5TYdg="></latexit>

t3
<latexit sha1_base64="5DX9wgxpiSe6sGTg3212Yt1HE6w="></latexit>

t4
<latexit sha1_base64="swEX21aW+UD/XXZauAed5k6UJNc="></latexit>

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

ε
fX0

<latexit sha1_base64="G8Q4YBsrsEaXvjYPaL8D+1Tvnjk="></latexit>

X1
<latexit sha1_base64="HQBwGpk5ETlV292tWPgYBMCl94M="></latexit>

X2
<latexit sha1_base64="ogd5o7IeYfCjt3sLKKXWAJ5ZriE="></latexit>

X3
<latexit sha1_base64="IrDRa+MGsK5+tcpUN2Dst8rhs4A="></latexit>

X4
<latexit sha1_base64="a2xwQVzqVPr2RAH6gZWj9afKahc="></latexit>

• Counterexample-guided, based on membership test
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Recall: Adaptive synthesis algorithm

Data

Model

Improved model
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Membership algorithm

32

Reachability computation

Aaux = POST (P, G1, Flow(q1))

A = PRE (X1, Aaux, Flow(q2))

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

X1
<latexit sha1_base64="HQBwGpk5ETlV292tWPgYBMCl94M="></latexit>

X2
<latexit sha1_base64="ogd5o7IeYfCjt3sLKKXWAJ5ZriE="></latexit>

0
<latexit sha1_base64="Zlm9bz/JRbqq2EMvmhG9NhB8RjI="></latexit>

F1 F2

Flow(q1) Flow(q2)

G

G1  = F1 ⋂ G G2  = F2 ⋂ G

P

Baux = PRE (X1, P, Flow(q1))

B = POST (Baux, G2, Flow(q1))

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

X1
<latexit sha1_base64="HQBwGpk5ETlV292tWPgYBMCl94M="></latexit>

X2
<latexit sha1_base64="ogd5o7IeYfCjt3sLKKXWAJ5ZriE="></latexit>

0
<latexit sha1_base64="Zlm9bz/JRbqq2EMvmhG9NhB8RjI="></latexit>

G

F1 F2
P

• Example: one step along path with prefix q1q2
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Membership algorithm

32
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Membership algorithm
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Membership algorithm

32

Reachability computation

Aaux = POST (P, G1, Flow(q1))
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F1 F2
P

Baux

32

Reachability computation
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Membership algorithm

32

Reachability computation

Aaux = POST (P, G1, Flow(q1))

A = PRE (X1, Aaux, Flow(q2))
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t
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<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

X1
<latexit sha1_base64="HQBwGpk5ETlV292tWPgYBMCl94M="></latexit>
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0
<latexit sha1_base64="Zlm9bz/JRbqq2EMvmhG9NhB8RjI="></latexit>

G

F1 F2
P

Baux

B

32

Reachability computation

Aaux = POST (P, G1, Flow(q1))

A = PRE (X1, Aaux, Flow(q2))

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>
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Membership algorithm

33

Reachability computation

t
<latexit sha1_base64="m4mIR+cOpVxZwwkyOkwGwnMjoLo="></latexit>

x
<latexit sha1_base64="aaAkAb6EeMLzW3h6i+PsJUSn1Uw="></latexit>

0
<latexit sha1_base64="Zlm9bz/JRbqq2EMvmhG9NhB8RjI="></latexit>

G

A ⋃ B

F1 F2

Reachable switching set

P =

✤ Compute iteratively the reachable switching set P until the last ε-tube piece:

Last P ≠ ∅ ⇒ membership True

Last P = ∅ ⇒ membership False

• PWL function is ε-captured along path iff last set is nonempty

12 / 16



Introduction Preliminaries Synthesis Evaluation Summary

Overview

Introduction

Preliminaries

Synthesis

Evaluation

Summary

13 / 16



Introduction Preliminaries Synthesis Evaluation Summary

Synthetic model replication
ẋ = 2

x ∈ [0, 10]

ẋ = −1
x ∈ [0, 10]

ẋ = 1

x ∈ [0, 10]

ẋ = −2
x ∈ [0, 10]

x ∈ [5, 10]
x ∈ [0, 2]

x ∈ [3, 7] x ∈ [3, 7]

x ∈ [8, 10]
x ∈ [0, 5]

ẋ = 2

x ∈ [−0.10, 9.87]
ẋ = −1

x ∈ [−0.10, 9.87]

ẋ = 1

x ∈ [−0.09, 10.14]
ẋ = −2

x ∈ [−0.09, 10.14]

x ∈ [4.85, 10.18]

x ∈ [−0.10, 2.12]
x ∈ [3.14, 7.00] x ∈ [2.82, 6.79]

x ∈ [7.85, 10.14]
x ∈ [−0.09, 4.32]
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Voltage traces of excitable cell

ẋ = 0.00

x ∈ [−76.04,−73.92]
ẋ = 130.02

x ∈ [−76.04, 46.02]
ẋ = −2.13

x ∈ [−76.04,−4.00]

ẋ = −0.76
x ∈ [−6.05, 36.02]

ẋ = −1.52
x ∈ [33.79, 46.02]

x ∈ [−76.04,−73.92]

x ∈ [43.96, 46.02]
x ∈ [33.79, 36.02]

x ∈ [−6.05,−4.00]

x ∈ [−76.04,−73.92]
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Original Dataset

0 100 200 300 400 500
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40
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Simulated Dataset

Sample input traces Sample executions
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Summary

• Automatic synthesis of linear hybrid automaton from
piecewise-linear functions

• Trade-off parameter ε (model size vs. model precision)

• Model with synchronous switching
• Reduction to linear arithmetic
• Minimal number of modes

• Model with asynchronous switching
• Adaptive algorithm
• Based on membership/reachability queries
• Sound and complete for a general class of LHA
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